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Abstract 

In the surfaces theory, it is well-known that a surface is called to be a ruled surface if it is generated 
by a continuously moving of a straight line in the space. Since a ruled surface is obtained by a line 
movement, its geometry has many nice properties and such surfaces have been studied by many authors, 
see: [4, 5, 6] and references therein. Ruled surfaces are also important subject in many applications. In 
particular, such surfaces have been used in computer aided engineering design (CAD) [7]. 

In differential geometry, one can obtain a new curve by using a regular curve [4, 5, 8]. In this 
direction, Smarandache curves have been defined and studied in [11]. More precisely, if the position 
vector of a curve B is composed by the Frenet frame’s vectors of another curve a, then the curve B is 
called a Smarandache curve [11]. Special Smarandache curves in the Euclidean and Minkowski spaces 
are studied by many authors [1, 2, 9, 10, 11, 12]. 

In this talk, we first obtain binormal surface generated by TN-Smarandache curve and investigate 
singular point of this surface. Then we derive main properties of binormal surfaces such as striction 
curve, distribution parameter, Gauss curvature, mean curvature and geodesic curvature. By using these 
main properties, we obtain certain results on Gauss curvature and geodesic curvature of binormal 
surface. We also check the minimality of such surfaces by using its mean curvature. Finally, we give 
an example to illustrate our results. 
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INTRODUCTION 

Ruled surfaces are surfaces which are generated by moving a straight line continuously in the 3- 
dimensional Euclidean space. Ruled surfaces are one of the most important topics of differential 
geometry. Also, geometrical properties of these surface are richer than the other surface due to generated 
with line. In [3, 4, 5], many geometers have investigated the many properties of these surfaces. 

There have been many studies on the differential geometry of curves in the 3-dimensional Euclidean 
space. In the differential geometry, a new curve produced from a known curve is one of the most 
studied areas of research. Thus, it is possible to compare generated curve by initial curve. In [11], the 
authors defined a regular curve in Minkowski space-time, whose position vector is composed by Frenet 
frame vectors on another regular curve, This new curve is called a Smarandache curve. After that, special 
Smarandache curves have been investigated in differential geometers [1, 9, 12]. Also, surfaces family 
with common Smarandache geodesic curve have been investigated in [2]. 

In this talk, we investigated singular points of the binormal surface defined TN-Smarandache curve 
according to Frenet frame in Euclidean space. And we obtained striction curves, distribution parameters, 
Gauss curvatures and mean curvatures of the this surfaces. We give some important results and illustrate 
an example. 


PRELIMINARIES 
In this section, we recall some basic topics from [5, 8].Euclidean 3-space provided with the standard 
flat metric given by 


<,>= dx + diy +x, 


: : . 3 
where X,,X,,X; is arectangular coordinate system of E’ . Then, the norm of an arbitrary vector @ € E 


is defined by 
llel= y4e-9)- 
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Let y = y(s) be aregular curve in E’ . If lo =1, the curve is called the unit speed curve. Also, if 


the tangent vector of this curve forms a constant angle with a constant axes, the this curve is called a 
general helix. 


— 


Denote by er N, B} the moving Frenet-Serret frame along the curve @ in the space E’. For an 


arbitrary unit speed curve with the first and the second curvature, K and 1 , the Frenet-Serret formulae 
are given by 


T) fo « ollT 
Nl=|-c 0 tlhIN 
B 0 -r O}/B 


where 

(7,7) =(N,N)=(B.B)=1 

(7,N) =(7,B)=(N,B) =0 
Definition 1. A regular curve in E*, whose position vector is obtained by Frenet frame vectors on 
another regular curve, is called Smarandache curve [11]. 


From [1], we have the following information for such curves: 

Let o = o(s) be aunit speed regular curve and {T,, WN Bos Ras t,} be Frenet apparatus of this curve. 
TN-Smarandache curve of o(s) curve is defined by 
1 
/2 


Denote by {T,,N oak at - the Frenet apparatus of a curve 2. The tangent vector and principal 


a(s,)=—=(T, +N,). 


normal of the curve @ can be written as follows: 


ipa: —K,To+k,Not+t, Bo 


a 2 1 
Perr . 


_ATot+ANo+A,Bo 


Vata tay 7 


A, =-[k5 (2K. +172) +7,(0,«, -K,0,)], 


N, 


where 


Qn _2 2 3 ' 
A, =-[k5 (2K, +305) +7, (0, -7,K, +K,7,)], 
272 
A, =K,[t,(2K, +75) -2(t,K, —K,T,)I. 
The binormal vector of the curve @ is given by the following: 
B= [x A, -T,A,ITo +[k,A,+7,4,]No -K,[A, +4, Bo 


a 3 
fA, +Ap +A; [2K +72 @) 


Also, tangent of the binormal vector of the curve @ which will be used in later calculations as 
V2(@T > +¢No +yBo) 


(AP +42 +42)? (2K? +72)" 


B,= 


(4) 


where 
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O= (KA, + Ke Tyo — Thy — Kye Kgl gh Ay +A; +A; (2K; +75) 
(KA, — TA (AA, + Aya + Ay \(2KG +75) +(2K,K, +7. MAy +4y +45 I 
b=(KA,+K A +7, +7, 4, +A, +k 0A A +15 +A 2K +72) 
(KA, + TAM Aya, + Aydy + AgA 2K +5) + (KK, + ToT eM Ay + Ay +45) 
Y= (“KA KA, KA, KA, +A, + KgToA MA; +A +A; 2K, +75) 
tK (A +A (AA, +AA, + AA (2K +75) + (2K, +7,7, (A, +A +4;)] 
paaiae 2. A set of one-parameter of lines are called ruled surfaces. Such surfaces are represented by 
the vector equation 


X(s,v)=0(s)+vfA(s), (5) 


where o(s) is its base curve and (ss) is its direction of the ruled surface [4]. 
Definition 3. Let McE‘*be a surface and o:1CR—->E’*be a regular curve. Also, let 
{T,, IN 5B yk i ot be Frenet apparatus of this curve. M is said to be the binormal surface of a curve 
O if M can be parametrized as 

X(s,v) =0(s)+vB_(s), 
[4]. 


The parametrization of the striction curve and distribution parameter on the ruled surface (5) are given 
by, respectively 


o(s)=a(s)- me B(s), (6) 
det(Z, 8 a) 
Ps. (7) 
A | 


The standard unit normal vector field U ona surface X (s,v) can be defined by 


X AX, X AX, 


|X,4X,|| JEG—F? , 
where X= nS) and X= aes Respectively, the first and second fundamental forms of 
s Vv 


the surface X (s,v) are given by 


1 = Eds’ +2Fdsdv+Gav’, 
II = eds’ +2 fdsdv + gdv’, 


where 


B=( XX). F =X 4,),C = XX.) 
é=U,X,,). f =X, 8 =U Ay) 
The Gaussian curvature K and mean curvature H are defined by, respectively 


_ eg-f- 
N= 5G-F’ (8) 
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BINORMAL SURFACES DEFINED BY TN-SMARANDACHE CURVE ACCORDING TO 


FRENET FRAME 
Let o: 1 —> E* bea curve. TN-Smarandache curve of o(s) curve is written as follows 


=2 
J2 


We denote the Frenet apparatus of a curve a by {T,,N phat, We consider the following 


a(s,)=—=(T, +N,). 


binormal surface 
X(S,v)=@+VB, (10) 
with TN-Smarandache curve of o(s). 


We first have following result 
Theorem 1. If o(s) is helix, the binormal surface X(s,v) defined by (10) have singular points. And, 


if o(s) isn't helix, the binormal surface X(s,v) defined by (10) have non-singular surface. 
Proof: We can calculate that 


X,AX,=a@ AB, +vB, AB, =—-N,+vB, AB,. (1) 
Then F =X (5, , Vy) is a singular point of binormal surface X(s,v) defined by (10) if and only if 
OX (s,v) , OX (s,V) 
Os Ov 


= 0. 


Thus, we write 


VC ee 
det(B,,B,.N.,) 
= (Ay + Ay +A; (2K +72) 
V2(K,, TK A(o-9) VA — A) (12) 


+V2(2«2 +12)(r, Aw -1,A,b+Kk,A,b-K,1,0) 


[p(-K, 4, ~~ KA) 7 WK; + T,4) 
V2} -0(-K,A, — KA.) + W (Ky —ToAy) 
Es RO eA. 
(02 +40 + AZ) (2K? +12)? 


Substituting (12) and (13) values in (11) equation, we obtain as 
5 3 


(A? +A; + Ap)? (2K? +72)? 
J2(k,t, -7,«,)[A,(@-¢)-y(A,-4,)I 
+(2«2 +72)[A, (cy —K,0)+6(-1,4,+K, AI], 
V21gx, (2«2 +72)-w(k,t, -T,K,)I 


3 
(A442 +22Y (2K? +27)? 


BLAB, 


(13) 


A 


VA +A; +45 
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(Ap +45 +43)? (2K. +72) 

: | V2(x,0, - Tok, )1A,(@-9) WA, - 4) 
ae +(2K> +72)[A, (WK, 0)+ PK, Atal 
+Ae + 
° N21 OKs + YT, ~ OK) +W Koby ~ TKI 
(Ap + AS + AZ) (2K2 +7 22 
5 3 
; V2(«,t, -1,K,)IA,(@- 9) -y(A, -A,)] 
esa +(2K> +72)[A, (TV -K, 0)+ (KA, -T, A;)]). 
+A; + 
x2 2[(x,7, —T,K,(@-$)-Wt, Ox; +72)] 
(Ap + Ap + AZ) (22 +7 22 
From this we have 
O-p=V 
A, =—4, =—A,. (14) 
k= c, 


respectively. Substituting @,¢,y and A, ’ As ’ A, in the first and the second equations of (14), we obtain 


Kk =t > Fo =, 
K, 
In that case, if o(s) is helix, the binormal surface X(s,v) defined by (10) have singular points. And, 
if o(s) isn't helix, the binormal surface X(s,v) defined by (10) have non-singular surface. 
Theorem 2. The striction curve is the base curve of a surface X (s,v) defined by (10). 


Proof: Substituting (1) and (4) equations in (6), one can obtain the assertion. 
Theorem 3. The distribution parameter of a surface X (s,v) defined by (10) as follows 


V2(A0+ 16+ AWA? +4; +A 2K3 +03) 
o+¢+y’) 


P= 
Proof: It is obvious. 
Theorem 4. The Gauss curvature and the mean curvature of a surface X (s,v) defined by (10) are given 
by 
__ 2AAortAg+ayy 
(A) +45 +45) (22 +72) EB’ 
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V2V[(2x?2 +72 )\(k,bo—K,b,0+7,b,y —T,bp) 
+(k,t, —T,«, (by + by +b,0-b,)] 
“+43 +BY! OK3 +2) VE 
+V2vV[(2x2 + 72 )(,1,0-K,A,0+7, Ay —1, Ap) 
(Ap + Ag + AY (2K. + 7)3 
+V2V[(K,1, - 1K Ay + Ay +0-4,9)] 
(Ay +45 +A) (2K? + 7)? 
ry = Lea # aby + ab \A? +42 44292 Cs +72) VE 
2A; +2; +Ay (2«> +T os BE 
respectively. 


Proof: From (10), we have 


( =e 2 in “ 
Jf 2K5 Toe, (2422 + A2)2(2K? +72) 
v2v9 


We 


X, =< +( No, 
Tic +0, “Gied: +22) (2x2 +72) 
v2 ‘3 


‘Gat +7, ee +4232 (2x2 +77) 


y ag a eb ato We tk Ay + too ~K p14 + Ay IB 


v a 
Ar +12 + Ap fox? +2? 
The components of the first and the second fundamental forms are obtain 


2v’(@ +¢°+y") 


E=1+——. |; 
(A) FAS + AY (2K? +77)" 

F=0 

G=1, 


and 
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3 
[A, (Ap +45 + AZ (25 +75)? + vb, Ju, 
5 
+[A,(A? + Ap +A?) (2x2 +172)? + vb, ]u, 


2 
[A,(Ap +45 +A) (2K +72)? +b, Ju, 


e= ; ? 
(A, +A; + AZ) (22 +172)? 
—/2(A,0 a7 Ao Ls AW) 
c= 2 2 2\2 2 2\2 2 
(A+R + RY QC? +7) VE 
g=0 


respectively, where U,,U,,U, are components of the U(s,v) unit normal vector of X(s,v) defined by 


(10). Making use of the data described above in (8) and (9) the Gauss curvature K and mean curvature 
HA. are obtain. 


EXAMPLE 
Let O(S) be unit speed curve in E’ defined by 


o =0(s) = (COS 5, SINS, 5). (15) 
See in Figure 1. 


Figure 1. The curve 0 =O (s) 


One can calculate its Frenet-Serret apparatus as the following 
T(s) =(—sin s, cos s,1), 
N(s) =(-cos s,—sin s,0), 


B(s) = (sin s,—cos 5,0). 
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TN-Smarandache curve of a(S) curve in (15) is defined by 
1 —sins—coss coss—sins 1 
a(s,) == (T(s) + N(s)) = ( ; =). 
/2 V2 V2 V2 


The tangent vector of the curve @ can be written as follows 


ee da ds, ey —sin s—COs s 0) 
ds, ds af 2 tp) ne) 
and hence 
0 6 —sins—coss 0) 
“ds, ds al af - 
where 


ds ds ds 
T, —+.,T, —+ )=l>—*=1. 
ds ds ds 
Thus, we have 
an s+coss —coss+sins 0) 
a ’ »V)> 17 
V2 V2 (17) 
B_=T,AN, =(0,0,)). 
Thus, we obtain the following binormal surface 


—sins—coss coss—sins 1 
X(s,v)=a+VvB, =( 


a 2 Oa (18) 


N 


with TN-Smarandache curve of O (s) ; 
See in Figure 2. 


Figure 2. Binormal surface 


From (18), we have 
—coss+sins —sins—coss 


X, =(—__—_, ,0), 
V2 V2 
X, =(0,0,0), 
Xx. oy ea —coss+sins 0), 


a” 2 
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X , =0. 
The components of the first and second fundamental forms are obtain 
b=, 
F=0, 
G=1 
and 
e=-l, 
f =0, 
g=0 
respectively. 


Thus, the striction curve y(s) , distribution parameter P and mean curvature H of X(s,v) defined by 
(18) as follows 
(a By ) 


y(s)=a—- (B,,B,) B, 
aa 
Substituting (16) and (17) values in above equation, we have 
(a’,B,) =0> y(s)=a. 
Therefore, the striction curve is the base curve of X(s,v) defined by (18). 
_ det(B,,B,,a) 


2 


IB. 
Substituting (16) and (17) values in above equation, we have 
P=0. 
Thus, X(s,v) defined by (18) is developable. 
Ge -1 


H= —— 
2EG=F*) 2 
X(s,v) defined by (18) is not the minimal surface. 
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